Abstract. An analytic method for obtaining bounds on effective properties of composites is applied to the complex permittivity •* of sea ice. The sea ice is assumed to be a two-component random medium consisting of pure ice of permittivity ½• and brine of permittivity •2. The method exploits the properties of e* as an analytic function of the ratio El/e2 . Two types of bounds on •* are obtained. The first bound R1 is a region in the complex e* plane which assumes only that the relative volume fractions Pl and P2 -i -Pl of the ice and brine are known. The region R1 is bounded by circular arcs and •* for any microgeometry with the given volume fractions must lie inside it. In addition to the volume fractions, the second bound R 2 assumes that the sea ice is statistically isotropic within the horizontal plane. The region R 2 is again bounded by circular arcs and lies inside R1. Built into the method is a systematic way of obtaining tighter bounds on •* by incorporating information about the correlation functions of the brine inclusions. The bounding method developed here, which does not assume any specific geometry for the brine inclusions, offers an alternative to the classical mixing formula approach adopted previously in the study of sea ice. In these mixing formulas, specific assumptions are made about the inclusion geometry, which are simply not satisfied by the sea ice under many conditions. The bounds R1 and R 2 are compared with experimental data obtained from artificially grown sea ice at the frequencies 4.8 and 9.5 GHz. Excellent agreer0ent with the data is achieved.
Introduction
The remote sensing of sea ice generates many interesting technical and theoretical problems. A central question in the application of remote sensing techniques to studying sea ice is how the physical microstructure of the ice determines its scattering and effective electromagnetic properties. This question plays a fundamental role in correctly interpreting scattering data and images from sea ice. The determinatio.n of the electromagnetic properties from microstructural information is particularly interesting in the case of sea ice, which is a complex random medium consisting of pure ice with brine and air inclusions.
The details of the mi-of the brine flows out of the sea ice, due to its porosity. The electromagnetic properties of the ice following the rejection are dramatically changed. Clearly the assumption that the brine (or air) component of sea ice is contained in individual ellipsoidal inclusions, is simply not satisfied when the brine forms a connected matrix.
We must therefore question the validity of these mixing formulas for warm ice.
Another limitation of mixing formulas is that they provide only a precise prediction of what e* should be, given, say, a value for the brine volume and perhaps some information about the distribution of ellipsoidal orientations, as considered by Sihvola and Kong [1988] .
They do not provide any information on the range of reasonable values for e*, which would be very useful, given that in any experiment, as one measures e* for a variety of samples, one obtains a scatter of values in the e* plane, which may or may not coincide with the precise value predicted by the mixing formula.
We remark that one of the principal motivating factors behind this work is the goal of developing practical electromagnetic methods of distinguishing sea ice types, such as first-year from multiyear ice. In typical inverse scattering algorithms, what is reconstructed from scattered electromagnetic field data is the complex permittivity which is "seen" by the wave. When the wavelength is longer than the microstructural scale, which for sea ice would correspond to frequencies of less than 10 or 20 GHz, this reconstructed permittivity will be e*, the effective permittivity. (Of course, e* itself can vary throughout any given sea ice sheet as the microstructural geometry, such as brine volume, changes through the sheet.) One of our principal goals here is to study in detail how the statistical properties of the sea ice microstructure are connected to these observed values of e*.
We also remark that another motivation for our study of sea ice is that from the point of view of the mathematical theory of composite materials, understanding the electromagnetic behavior of sea ice pushes the limits of currently available mathematical techniques. From this point of view, sea ice is an extremely interesting example of a composite material, which combines in one medium many of the challenges encountered in the development of the mathematical theory; it is a multicomponent composite, whose components have highly contrasting properties characterized by complex parameters and whose microstructure exhibits a wide range of geometries. In particular, one of the most mathematically intriguing aspects of the microstructure is the coalescing or percolation of the brine cells, which occurs around the critical temperature Tc • -5øC, and results in a microstructural transition from separated brine pockets to a connected brine matrix. 
Description of Theory and Methods
Owing to the above limitations in the mixing formula approach which are caused by the wide variety of relevant sea ice microstructures, we begin here a new approach to stu(]ying the effective complex permittivity e* of sea ice by obtaining bounds on e* in the complex plane. As a first step in the development of this approach, we consider the sea ice to be a two-component random medium consisting of pure ice of complex permittivity el in the volume fraction pl and brine of complex permittivity e2 in the volume fraction p2 -1-pl. In this paper we will neglect the effects of air inclusions, which is a reasonable assumption in many situations, such as for first year ice which has not yet undergone brine rejection, where air can replace much of the brine. To obtain the bounds, we apply a method introduced independently by Bergman [1978] and Milton [1979] which exploits the properties of e* as an analytic function of the ratio el/e2. The method was developed further and applied in various settings by both Bergman and Milton, and the complex bounds used here were obtained independently by Milton [1981] and Bergman [1980] . A mathematical formulation of the method was given by Golden and Papanicolaou [1983] and some of its implications were explored by Milton and Golden [1985] .
The key step in this formulation is establishing an integral representation for e*, which is then used to obtain the bounds. As in the case of typical mixing formulas, the bounds are derived in the quasi-static limit, so that they are valid when the wavelength is long compared to the scale of the inhomogeneities-. We now describe the bounds more precisely. For the simplest bound it is assumed that only ex, es, p•, and p2 are known. The bound consists of a lens-shaped re- For the case of second-order bounds it turns out that if the material is statistically isotropic, i.e., if e* does not depend on the direction of polarization of the electric field, then one can obtain the bounds without any direct knowledge of the two-point correlation function. In the present work we apply the first order and isotropic second order bounds to sea ice with given salinities and temperatures. These bounds are compared with the experimental data of Arcone et al. [1986] for artificially grown sea ice at 4.8 and 9.5 GHz. Given a sample of sea ice at temperature T and of salinity $, we estimate the brine volume p•. using the equation of Frankenstein and Garner [1967] . Then for each frequency, 4.8 and 9.5 GHz, and for a given temperature T, we find the complex permittivity of the brine e2 using the calculations of $togryn and Desargant [1985] . In general, we obtain excellent agreement with the experimental data. Small discrepancies between the bounds and the real data are inevitable, though, and may be explained with uncertainties in the brine volumes, the unaccounted for presence of air, or scattering effects when the wavelength is larger but comparable to the typical brine length scale. 
where X•' is the characteristic function of medium j --1, 2, which equals one for all realizations co e f• having medium j at x, and equals zero otherwise. Let E(x, co) and D(x, co) be the stationary random electric and displacement fields, respectively, satisfying 
Bounds on the Effective Permittivity
We now present the bounds on e* discussed above. In this section we first formulate the effective permittivity problem, briefly describe the method for obtaining the bounds, which is called the analytic continuation method, and then state the bounds. A more detailed summary of the method is given in the appendix. We also refer the interested reader to Golden 
where Im denotes imaginary part. Such functions which are analytic off some segment of the real axis and obey (9) are called Herglotz functions. As mentioned in section 2, the key step in the analytic continuation method is obtaining an integral representation for e*. For this purpose it is more convenient to look at the function In fact, we noted that adjusting the brine volume in the bound R1 could usually capture any scatter of data points associated with a particular S,T pair. This observation leads one to suspect that the brine volume of a given sample of sea ice could be deduced by measuring e* at a number of different frequencies and checking which brine volume yields the best correspondence between the bounds and the data. As mentioned in section 2, the bounds are derived in the quasi-static or infinite wavelength limit and are valid when the wavelength A is large compared with the typical brine length scale/3, which is of the order of millimeters. When A becomes comparable to •, we might expect that scattering effects become more significant.
In this case we would expect that measured values of
Im(e*) should be higher than those predicted by the bounds due to scattering losses. For the current frequencies of 4.8 and 9.5 GHz we have found no evidence of any systematic offset of the experimental values when compared with the bounds. We conclude then that at these frequencies, scattering losses are minimal. In current work with S. Ackley and V. Lytle, we are comparing the quasi-static bounds with higher-frequency data, over a range of 26.5-40.0 GHz, where the validity of the quasi-static assumption is uncertain. This work will be reported elsewhere.
Finally, as mentioned in section 4, we did not use the "cooling" data of Arcone et al. [1986] , as air has replaced some of the brine. The effect this has on e* is that it apparently lowers the measured values of both
Re(e*) and Ira(c*). In order to obtain bounds to model this situation, as well as multiyear ice which generally has more air volume than does first year ice, we must consider the sea ice to be a three-component random medium consisting of pure ice, brine, and air. However, the mathematical theory of bounding e* for three or more components is quite a bit more involved than for two, and involves the theory of several complex variables in which there arise new mathematical phenomena not encountered with functions of a single complex variable. In fact, the general theory of complex bounds was restricted to two components until the work of Golden and Papanicolaou [1985] , and the first set of comprehen- shows that the values of F lie inside the circle parametrized by
